: MCWRP Senior High Mathematics League
Contest #1 October 15, 2007

TEAM QUESTIONS

TIME LIMIT = 10 MINUTES

T-1. How many real numbers are solutions to the equation, x* ¢ lxl =10 ?

T-2. Let ABCD be arectangle and let P be a point inside the B 4
. rectangle. If PA=8, PB=4, and PD = 7,thenfind the
length of PC. :
P
c D

T-3. In the sum below, the letter F equals zero, and the other letters represent the digits,
1,2, 3,4, 5, or 6, with each digit used exactly once. If the 2-digit integer AB is a prime
number, then what is the valueof A + B ? :

AB
+CD
EFG

T-4. Suppose that ABCD is a rectangle, and that E is a point on CD.| p E c
Let x be the area of AAED, let y be the area of ABCE, and let z

be the area of AABE. If y2 = xZ, what is the value of % ?

T-5. Let x and y be real numbers.

Find all pairs (x, y) such that the sum x +y, the product xy, and the quotient =
: y
are all equal.




MCWRP Senior High Mathematics League

Contest 1 October 15, 2007

Individual Questions

CUT HERE
INDIVIDUAL ROUND 1 — 15 MINUTES

- I-1. In the given figure,

LABC =90°, LCDB = 45°, LCAB = 30°, and AD = 2. :
Find the length BC /‘

I-2. How many points do the graphs of 4x° - 9y2 =36 and x* -2x+ y2 =15
have in common?

I-3. How many occurrences of the digit 5 are therein the list of numbers,
1, 2, 3, 4,- - - 1000 ?

CUT HERE

INDIVIDUAL ROUND 2 — 15 MINUTES

I-4. A drawer contains 64 socks. Each sock is one of 8 colors, and there are 8 socks of each
color. If the socks in the drawer are thoroughly mixed and you randomly choose two of
the socks, then what is the probability that these two socks will have the same color?

I-5. Suppose that AD, BC, AC, and BD are line segments with
line AD parallel toline BC. If AD = 3, BC =1, and the
distance from line AD to line BC is equal to 5, then what is the
sum of the areas of the two shaded triangles?

I-6. Let x and y be real numbers such that (x2 - y2 )(x2 - 2xy + yz) =3 and
x —y = 1. Whatis the value of xy ?




MCWP Senior High Mathematics League

Contest #2 November 19, 2007

TEAM QUESTIONS

TIME LIMIT = 10 MINUTES

T-1

A circle with center A and radius 7 is tangent to the sides of
an angle of 60°. A larger circle with center B is tangent to the
sides of the angle and to the first circle. Find the radius of the
larger circle.

A square is partitioned into four congruent smaller squares by lines
parallel to its sides. A nonzero digit is to be written in each smaller
square, so that we get four two-digit numbers — two when you read
across from left to right and two when you read down from top to
bottom. The sum of these four two-digit numbers is 67.

What are the four digits inscribed in the smaller squares?

T-3.

An equilateral triangle is inscribed in a squafe. If each side of the
square measures 1 inch, find the length of a side of the equilateral
triangle. .

T-4.

How many positive integers less than 1000 have the sum of their digits equal to 6 ?

T-5.

A grocer weighed four pieces of fruit: alemon, a pear, an apple, and a grapefruit. The
following observations were made:

(a) the lemon weighed more than the pear,

(b) the combined weight of the pear and the apple was greater than the combined weight
of the lemon and the grapefruit, and

(c) the combined weight of the lemon and the pear was equal to the combined weight of
the apple and the grapefruit.

List the four fruits in order of weight from heaviest to lightest.




MCWP Senior High Mathematics League

Contest #2 INDIVIDUAL QUESTIONS November 19, 2007

CUT HERE

INDIVIDUAL ROUND 1 — 15 MINUTES

1. What is the units’ digit of the product 99z, when it’s multiplied out?

The diameter of my car’s new tires was 26 inches. When wore down uniformly 1/4 inch,

2.
the tires will need x% more revolutions to cover a given distance than when the tires were
new. To the nearest tenth, what is the value of x?
* .3,  Of the 24 possible arrangements of the digits 9, 4, 3, and 2, how many represent a prime? ?

INDIVIDUAL ROUND 2 — 15 MINUTES

4. Ina circle with both an inscribed and a circumscribed equilateral triangle, if the area of the
smaller of these two triangles is 12, what is the area of the larger? |

5. What are two numbers which differ by 5 whose square roots add up to 5?7

f6 If the coefficients of the cubic polynomial P are positive integers, for what value of k will
the graph of y = P(x) pass through (1,10), (3,k), and (10,1234)?



T4. The area of the shaded rectangle R; is 1sq.in.

MCWRP Senior High Mathematics League
Contest #3 * December 10, 2007
TEAM QUESTIONS .

TIME LIMIT = 10 MINUTES

T-1. Inacircle the arcs AB, BC, and CD are equal and each less than a half circle.
Given that the measure of ZCEB = 40°, find the measure of ZDCA in degrees.

T-2. The equilateral triangle, APOR, is inscribed in the equilateral triangle, ' A
AABC, as shown, with PQ1. BC.
Find the ratio of the area of APQR to the area of AABC. Q

T-3. Five points on a circle are numbered 1, 2, 3, 4, and 5 in clockwise order as shown. (
A bug jumps in a counterclockwise direction from one point to another around the
circle. If it is on an odd-numbered point, it moves two points, and if it is on an 2
even-numbered point, it moves one point. If the bug begins on point 1, after 2007 f
jumps, what numbered point will it land on?

Find the area of the shaded region R,.

T-5. Nine labeled squares are arranged as shown. If square A
has an area of 1 inz, and square B has an area of I
81 in’, then what is the area in square inches of square 1 ?
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CUT HERE
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INDIVIDUAL ROUND 1 — 15 MINUTES

1. A closed curve is drawn in a plane so that each point on the curve is 1 unit outside a 3x4
rectangle. What is the area of the region in the plane that’s enclosed by this curve?

2. Of the first 1200 positive integers, how many are divisible by neither 3 nor 4?

3. How many teams are in a competition in which each match pits 2 teams against each other
if it takes 105 matches for every team to play against every other team exactly once?

e GUT_HEBE. - - o oo .
INDIVIDUAL ROUND 2 — 15 MINUTES

4. A cubical solid is cut into 27 smaller cubical solids, as shown at the RSETI i
right. This can be done in as few as 6 slices by cutting through more i e
than one piece at a time. For safety, pieces may be moved before or RS I |
after (but not during) each slice. What is the least number of slices N :
that are needed to cut a cubical solid into 64 smaller cubical solids? S

|

5. In an equilateral triangle with both an inscribed and a circumscribed circle, if the area of '
the larger of these two circles is 60, what is the area of the smaller?

6. My truck’s tires have a diameter of 2.5 feet. What is my truck’s speed in miles per hour,
when its wheels turn 600 times per minute?



MCWRP Senior High Mathematics League

Contest #4

TEAM QUESTIONS

TIME LIMIT = 10 MINUTES

January 14, 2008

T-1. The sequence, 6,-9,x,y is such that the first three terms form an arithmetic sequence,
and the last three terms form a geometric sequence. Find the values of x and y.

T-2.  'Which of the following configurations of six squares cannot be folded into a cube?

A B C
| | |

D

E

T-3. A pentagon is formed by cutting a triangular corner from
a rectangular piece of paper, as shown. The five sides of

the pentagon have lengths 13, 19, 20, 25 and 31,

although this is not their order around the pentagon.

What is the area of the pentagon?
NOTE: The diagram is not to scale.

T-4. A digit is placed in each empty square in the grid below so that

each row contains each of the digits 1, 2, 3, 4, 5, and each

column contains each of the digits, 1, 2, 3, 4, 5. What digit must
be placed in the square at the bottom right corner of the grid?

T-5.  The sum of the areas of inscribed square ABCD
and circumscribed square EFGH is 108.
What is the radius of the circle?

> \o
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Contest #4 INDIVIDUAL QUESTIONS January 14, 2008

CUT HERE

- 1. I first drove 16 km at 48 km/hz, then I drove 20 km at 40 km/hr, and finally I drove 24 km l
at 36 km/hr. What was my average speed, in km/hr, for the entire trip?

2. How many different triangles have vertices selected from the seven points (-4,0), (-2,0), |
(0,0), (2,0), (4,0), (0,2), and (0,4)?

3. Three circular cylinders are strapped together as
shown at the right. The cross-section of each cylin-
der is a circle of radius 1. Presuming that the strap
used to bind the cylinders together has no thickness
and no extra length, how long is the binding strap?

INDIVIDUAL ROUND 2 — 15 MINUTES
4. Express, as a fraction in lowest terms, the sum

1 1 1 1 1
e tonatsat Y ameen Tt %0

5. Randomly select one of the 900 three-digit numbers in {100, 101, . .., 998, 999}. What is |
the probability that the number selected is a perfect square? '

6. What are the coordinates of the reflection of (6;0) across the graph of y = 3x?



MCWP Senior High Mathematics League

Contest #5 February 4, 2008

TEAM QUESTIONS

TIME LIMIT = 10 MINUTES

T-1.

Let ABCD be a rectangle and let P be a B A

point inside the rectangle. If
PA=8, PB=4, and PD =1,
find the length PC.

T-2.

Find all possible first terms of the geometric sequence if the sum and the product of its
first three terms are equal to 63 and 1728, respectively. "

T-3.

In the figure shown, OAB and ODC are sectors of two 4
concentric circles centered at O. The length of OD is one B

third the length of OA. What is the ratio of the area of the
region ABCD to the area of the sector OCD ?

T-4.

A company sells peanut butter in cylindrical jars. Marketing research suggests that using
wider jars will increase sales. If the diameter of the jar is increased by 25% without
altering the volume, by what percent must the height be decreased?

T-5.

If x+y=1 and x> + y* = 4, whatis the value of x> + ¥ ?
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CUT HERE

- o W m o m m o W S M o et o T MW M W oM oW WM W W o M e e W T WM WM oW oM WM W W WM WM WM WM W WM M owm om . W m om e W ow W = e wm e

INDIVIDUAL ROUND 1 — 15 MINUTES

1. Write the three three-digit perfect squares which, when taken together, use every non-zero
digit exactly once.

2. Seven circular cylinders are strapped together as
shown at the right. The cross-section of each cylin-
der is a circle of radius 1. Presuming that the strap
used to bind the cylinders together has no thickness
and no extra length, how long is the binding strap?

+2
it 48 simplify to x* for all real n?

3. If x # 0is real, then, for what value of k does
xn +4 + xn+2 :

e e CUT_HERE_ ___________. R .
INDIVIDUAL ROUND 2 — 15 MINUTES

4. In the diagram at the right, the semicircle’s diameter Y |
has a length of 1. If the area of the semicircle is twice cosd SN |
that of the right triangle, what is the measure of the 9 \ §

triangle’s smaller acute angle (to the nearest degree)? A 0] B

5. What are all values of x for which (x!)2 — 7x! + 6 = 0, where x! represents x factorial? ,

6. Write a list, in increasing size order, of every four-digit number greater than 1000 which |
has four different digits. What is the 111th entry on this list?



MCWP Senior High Mathematics League

Contest #6 March 3, 2008

TEAM QUESTIONS

TIME LIMIT = 10 MINUTES

T-1.

A car dealer sold two quality used cars for $9999 each. On one she made a 10% profit, and on the
other she had a 10% loss. What was her overall profit or loss for the two transactions combined ?

T-2.

Some cookies had been eaten, without Mrs. Brown’s permission, by one or more of her five
children. When questioned, they gave the following answers:

Alan: One of us ate the cookies.

Betty: Two of us ate the cookies.

Charles: Three of us ate the cookies.

Dee: Four of us ate the cookies.

Earl: All of us ate the cookies.

Mrs. Brown knew from the past behavior of her children that the guilty ones lied while the others
told the truth. What was the number of children who ate the cookies?

T-3.

In the diagram shown, the area of the letter L is equal to the area of the
triangle. If the base and height of the L are both 1, then what is the
length x of the ends of the L?

T4

Two circles with centers O; and O, and radii of lengths 30 and 10,

respectively, are tangent to each other and to a line as shown. Find the
area of the shaded region bounded by the two circles and the line. g,/ |

One gear turns 33 %— times per minute. Another gear turns 45 times per minute. Initially, a mark

on each gear is pointing due north. After how many seconds will the two gears next have both their
marks pointing due north?




MCWP Senior High Mathematics League
Contest #6 INDIVIDUAL QUESTIONS . March 3, 2008

INDIVIDUAL ROUND 1 — 15 MINUTES

1. If the area of a circle’s inscribed square is 60, what is the area of its circumscribed square?

2. What are all values of x for which log, vVx+12 > 1?

3. Determine the units’ digit of thesum 0! + 1! + 2! + ... +nl + ... + 20!

INDIVIDUAL ROUND 2 — 15 MINUTES

..4. What is the area of a trapezoid the lengths of whose bases are 10 and 16 and the lengths
of whose legs are 8 and 10?

“5. A diagonal of a square intersects a segment that connects
one vertex of the square to the midpoint of an opposite
side, as shown. If the length of the shorter section of the
diagonal is 2, what is the area of the square?

6. What real value of x satisfies v5x — v2x = 5—27



SOLUTIONS TO TEAM QUESTIONS

Contest #1, 2007 - 2008 October 15, 2007
T-1. The number of real roots of x* + [x] = 10 is the same as the number of intersection points of the
graphs of y = |x| and y=10- x*. Isis easy to see that these two graphs intersect in exactly two
points. Therefore, the are exactly two real roots for the given equation.
T-2. Draw PR perpendicular to AB, and draw PS perpendicular to AD. 2
Let AR=x, BR=y, AS =u, and DS = v. The conditions of the B N 4 |
problem imply that y2 +u? =PB? =42 - 16, /u
u” + x> = PA> =8% =64, and x* +v* = PD* = 7% = 49. | i
Therefore, C D
- PC* =y? +v* =16 -u? + 49 - 5% = 65 - (x* + u )=65-64 =1.
Therefore, PC = 1.
T-3. Since AB is prime, B iseither 1 or 3. Also, A+ C <11, so E = 1. It follows that
B =3. Since D=6, then B_D <10,and A+ C =10. We can then determine that A and
C mustbe 4 and 6 insome order. Since 63 is not prime, we have AB =43, and the sum of
the digits is 7.
T-4. Let a=DE, b=EC, and h = AD = BC.
Th L h L bh d L b)h beg b C
en,areax=?a,areay=-2; , an areaz—?(a+ ) . y
Since y2 = xz, we have (;—bh) = (;—ah)( L (a+ b)h) * z i
from which ~-5%h? = Laaron? = b2 <a?+ b,
4 4 - A &«tb B
a\V a a\ (a
Now divide through by b2 toget 1= —) +— = [—| +|—|-1=0.
| b b - b b
. . . . a l i
Solving this quadratic equation for (?), we find: ( ) ——, S0
Since the required root must be positive, we have = .2 1+ J—
EC b
T-5.

From xy=-§— we see that y # 0, and if x # 0, then y2 =1 = y=-1 1.

If y=1,then x+ y=xy becomes x + 1= x which has no solution.

If y=-1, then x+y=xy'becomes x~-1=-x, and x=%.

Then the required ordered pair is (%,—1)




SOLUTIONS TO INDIVIDUAL QUESTIONS

Contest #1, 2007-2008

I4.

October 15, 2007
After the first sock is chosen, there are 63 socks left, 7 of which are
the same color as the first sock. Therefore, the probability is
7 1

6 9

I-1. Let x = BC. Since ADBC isa —_—
c
45-45-90 right triangle, DB = x.
Since AABC isa 30-60-90 right
. o 1 -
triangle, and tan(30°) = .In.,\wl... 4 S . I-5.
we can determine that
1 BC BC x
— = tan(30°) = - = .
) - b oE "7
Therefore, 2 + x = xv/3 and BC = x = la\lmlu ,,\WI+H
-1
I-2. The graph of 4x? - ovm = 36 is an hyperbola with vertices at
(-3,0) and (3,0). The graph of x> - 2x + y? = 15 isacircle of
radius 4 centered at C,S, and therefore crossing the x-axis at
(-3,0) and (5,0). It follows that these graphs intersect at 3 points.
I-3.  Consider each of the 1000 non-negative integers less than 1000 as a

The two shaded triangles are similar.

Therefore the ratio of their altitudes is
equal to the ratio of the lengths of the
bases of the triangles. Let h be the
altitude of the larger triangle. Then

5 - h is the altitude of the smaller
triangle.

Now, the sum of the areas is
1 1 5

But, from the similar triangles, we have

3 15
5o k=
5-5°%° 4

3.
1

15

Then the sum of the areasis & + Wl = + W = .MAW =625

3-digit number: 0 = 000, 1 =001, 2 =002, - - -, 999.
Then each digit ( 0 through 9 ) occurs an equal number of times.
Since the total number of resulting digits in the 3-digit numbers is
3 x 1000 = 3000, each digit occurs 300 times.

I-6.

From the given information,
2
3= Aam lwwv?w |N§+V~Nv =(x-y)x+y)(x-y)" =x+y

Therefore, 2x = (x+ y)+(x~y) =3+1=4, and
qu?ﬂ+wv|?|wvuw|~uw.
It follows that x =2 and y = 1, so then xy = 2.




SOLUTIONS TO TEAM QUESTIONS

Contest #2 November 19, 2007

T-1

Note that AADE and ABCE are similar 30°-60°-90° triangles.
Then since AD = 7, we have EA =14. Then if ¥ is the radius of the
larger circle, we have the proportion,

a =—7—=—1—-,andx=21
21+x 14 2

T-2.

For a sum of 67, we can’t have more than 1 number beginning with 2. Consider having 212
2 numbers beginning with a 2. Then we’d have something like this, for which the sum of

the four numbers is greater than 67. Now consider having only one 2 in the grid. 1/x
112 Then we’dhave 12+ (10 + x) + 11+ (20 + x) =67 = 53 +2x =67, sothat x = 7.

112] o (111
117 217

1| X | Therefore the numbers could be arranged

T3.

By the hypotenuse—leg theorem, we see that ADCF = ADAE. Therefore,
CF = AE. Let a be the length of one side of the equilateral triangle and let C F Z .
FB = BE = x. Then CF = AE = (1 - x). By the Pythagorean Theorem, in '

ADAE,a2=1+(1—x)2. InAFBE,a2=x2+x2-—-2x2,sox=i.4 a & |r

Z P

Substituting this into the first equation, we have i

2 2
a’ =1+(1-x)2=1+(1-i) =1+1—1/2_a+%— which yields

\2

a’ + 2\/2_a—4 = 0. Solving, we have a =

D I A

242 = 8416 ‘
2 - _‘(2_:‘/6_

Since a> 0, a =46 — 2 OR EQUIVALENTLY, 2\/2 B3

T-4.

Look for a pattern. Of the numbers from.1 to 99, seven numbers have this property —

6, 15, 24, 33,42, 51, 60. Of the numbers from 100 to 199, six numbers have this property — 105, 114,
123, 132, 141, 150. Of the numbers from 200 to 299, five have this property — 204, 213, 222, 231, 240.
Following this pattern, there will be 4 numbers in the 300°s, 3 numbers in the 400’s, 2 numbers in the
500’s and 1 number in the 600’s that fit this criteria. Therefore the required solution is
T+6+5+4+3+2+1=28.

T-5.

Let the weights of the fruits be represented by the letters, A, G, L, and P. Lp | GA
We know that L >P. Consider a balance scale which will balance with
G and A on one side and L and P on the other side, like this: /\

We are told that (P+ A )> (L +G). If we think of this as switching
the positions of the lemon and apple, the balance will look like this. n®
So, we can conclude that A > L.

Alternatively, we can think of this as switching the locations of the pear

~and the grapefruit, and the balance will then look like this. Lo

So, we can conclude that P> G.

Put these two results together with the given information that L > P, Y
and we have: A>L>P>G

r N
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SOLUTIONS TO INDIVIDUAL QUESTIONS

Contest #2 — November 19, 2007
Answers
1. 1 -2. 2.0 (Do *NOT* accept 2) 3.0
4. 48 5. 49 6. 58 = 1(3)3+2(3)2+3(3)+4

1) Swice 2% 4 a better app mrimation to ¥ Han 3.1y, TP llows

Hat y?x 99 = 3:‘%-5: = 3]1.1%... }5 claer 1> Hhe exadt value #an
5

s 99c3.1¢ = 3/0.8 Therefors 95T 2 31, slightly , o> the
untts' digit 4 [1].

2) The ratio of fixe civeunfererces i3 the same as tthe
)ra‘b‘o of Number of . /3 evslatax nealed o Cossr A Aixed
destance . Sace 22 = 1.0196... 2 [J.0Ps meve when ot

Fownd 5F£ 1969, 27

3) The Sum of the Jv;;"cs 409 S» every Arransement
Ju‘,‘.c[ble éﬂ 9. Thercml—hevzuwbero'f’.primes s @ .

4) Sinee the di&ﬁmn—
1s Sel€-ey i
e mRo is tﬁtm >
o 4 (@) =@F].

5) The resalk s easo to 52e by (asperchtn. Sme fie sum of
e Sqpuare o3 A © Y eliyte Guas. Mure Gurmally  one
Can So\ve [+ (s = § 10 et =y andx+5=9: “s|.

6) PG)=ouxd bxCxtd, whe apb c,d are posihi l'vs’l'fﬁs;s :
2 () = atbtctd = 10 P(d) = (000 +ioob410c+d = (234, Fron-the
equation odorctd= 10 v tnwo l&qn cds]. Thesfors a=1,b=2,

{
=3 d=Y4 aceoly Intigse 1a s inderval foe which PUD) = 1234,
xc:;f&uﬂ 963)=.'° ,(g§+ 265 3Dy = 37,



SOLUTIONS TO TEAM QUESTIONS

Contest #3, December 10, 2007

T-1.

1 coms ™
1=

Refer to the diagram. We know that —[BC - AD| = LBEC = 40°, so

2 —~
AD BC 80°. But, since the arcs AB, ﬁ?:, and CD are all equal, we can
see that AD = 360° — 3(BC) Therefore, AD = BC - 80° = 360° — 3( BC
and arc BC = 110°. But, we also know that ZACD = %(@ E
Substituting, we have .

/DCA = ;—(ﬁ) _ —;—(BC 80°) = %(um _80°) = 15°

s243

T-2. The area of an equilateral triangle with side s is given by 2

By computing the angles, we see that we have three 30°-60°-90° triangles —

AARQ, ACQP, and APBR. By the Hypotenuse - Angle Theorem, these 3

triangles are congruent. Let a = PC = QA = RB, then CQ = AR = BP =2a.

Then the length of one side of the inscribed triangle is a1/37 , and the length of one

side of the larger triangle is 3a. Therefore, the areas are in the ratio of the squares

2
(av3) 32
of the sides of the triangles, or = e =
(3a) 9a 3

T3. The problem states that the bug moves counterclockwise. Therefore, if it starts at 1, on the first j Jump it moves

to 4, then to 3, then to 1, and then repeats this pattern. Therefore if the number of jumps, n,

is a multiple of 3, the bug will be on the 1 after the n-th jump.

Since 2007 = 3(669), after 2007 jumps, the bug will be on the 1. 5
T-4. The area of R; = ab, and the area of R, = cd.

We notice similar triangles, ACHO =~ AOEA.

Therefore, the corresponding sides are proportional and -g— =<

a

Then ab = cd = 1, and the area of region R, =1

T-5. This is just a matter of carefully determining the lengths of the sides of the

squares beginning with the given information. Square A has side 1, square B

has side 9, so square G h as side 8, then square F has side 7, then square C has
side 10, then square E has side 4, then square D has side 14, and then square I
has side 18.

The length of square I is 18, so the area of square I is 324 square inches.
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Answers
1. 2647 = 29.14159265359 . . . 2. 600 3. 15
46 5. 15 6. 3757/22 =~ 53.549874777 . . . or (3757/22) mph

1) e T The boundow;) 15 the dotted \oe The C‘éuar*er«
Ao 17 cecles hao Mo‘é\u—‘eﬁjKi The aredis the
l 3, 3 i Sumdfthearas o ¢ guarter- cinles + 5f1d0n1(e>:
T 17 4D+ 200+ 20 (63 D= W4 54c+n = [2617],
+%x3 )

2) (hdswle by ext ‘
@diwnsdle bj eitler o N‘\) = ‘#‘::ow ‘75) )T(%diutdglg 5.3 ¥) - G‘"**“’“;“—)
~ -—3—] + Cn’{?] - Et}lg_:] = Y60+ 390 ~ {UD
. = @O0
# dwisible by netther = (wo—60D = {G00] -

. 3) (?)2 oSz OIN-V_ 105> pron —210 = 0
@Oy £ (nt Xn-iS) =

n=[13] .

Y T eadn slice doubsles the number of S\i(e,;’ W can Create
2% = ¢\ aliced pieces (n @s!kes Can uh wals Hewm all cubes?

sliced @ We noohan & Wwe nowvha.x 3L

e 1 Colies Make € \X1XL salids et Lok ke Srtorides, [
, ;s S W Linethe
2 sé\i? atfar 5o (n ,,:5“?(—3 creats (Y cuyes.

rigW Onthaislire-

lzﬁ.‘“o O‘C’h‘&uz 2 te .
ReXo of areps = @'._y:.,q{,;

Aree. ot smalter = o (5,
¢

5)

©) Bah minuly, doatante cong by afire = (600)(5T) = (sm -
Tin anhoar, atire e < desteunce of ‘,ox(smfr-F{;}. The
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SOLUTIONS TO TEAM QUESTIONS

Contest #4, 2007 - 2008 January 14, 2008

Since 6, -9, x is an arithmetic sequence, the common difference is —15 so x = -9 + (-15) = -24.

T-1.
. . . ... =24 8 8
Then since -9, - 24, y isa geometric sequence, the common ratio is ——— = 3 SO y = (—24)(?) =-64.
So, x =-24 and y = -64.

T-2. This is simply a problem of visualization. Choice E is the only one that cannot be folded into a
cube, since when folded, the two shaded squares would overlap.

T-3. The triangular piece that was removed is a right triangle. Consider 19 12
‘possible right triangles with integer sides. We can see that if thisisa =~ @ —7mM ...
5-12-13 right triangle, the given numbers fit around the pentagon \ 5
as shown. The area of the triangle removed is (.5)(12)(5) = 30. v 13
The area of the original rectangle is (25)(31) = 775. So, the area of 25
the pentagon is 775 — 30 = 745 square units. 20

31
T-4. For discussion, let (4,2) designate the location row 4, column 2, etc.
(More than 1 routine may be followed to achieve the required answer.) S| 4
We see the row 3 needs the numbers 1, 2, and 4. 113
The 4 must be at (3,1). 513
Column 1 then needs the numbers 3 and 5. .
' The 3 must be at (1,1) so the 5 is at (5,1). 2 311
Column 3 then needs the numbers 1 and 2. '
The 2 must be at (2,3) so the 1 is at (5,3).
Row 1 now needs the numbers 1 and 2.
The 2 must be at (1,4) so the 1 is at (1,5).
Column 4 now needs the numbers 4 and 5. The 4 must be at (5,4) so the S is at (2,4).
Row 5 now needs the numbers 2 and 3. The 2 must be at (5,2) so the 3 is at (5,5),
and the number in the bottom right corner is a 3.
T-5. Because we are working with squares, we see that H G

1 ) r 2r
—|AB=—— = AB="=-nrp.
(2 2 2

We can also see that EF =2r.

Since the sum of the areas of the squares is 108, we have

2
(r'\E‘) +(2r)2=108 = 2r2+4r* =108 = r2 =18 |

and r = 3\/2—

> | \o




Math Council of Western PA Sr High Math Leauge 2007 - 2008
SOLUTIONS TO INDIVIDUAL QUESTIONS

Contest #4 — January 14, 2008
Answers
1. 40 or 40 km/hr 2. 24 3. 6+2x
4. 99/100 5. 11/450 6. (~4.8,3.6)
H O BT Tine = LSha
Iphn 4Tk 20muss, Tﬁﬂ Ptocce = 60 btm
Whan YORmA, - ‘QOMMJ ‘
¥k 36 hefin, YOmins .. ‘40 ku [t
5‘ 3
2) (7) - (3) -(3) = 25-10- = (24,
3-tuges  {aply
Teont avx abl e

«' “x‘} 3 - Gx\s

" L.eMﬁ«K: Qrcumel 3 lwo'oms + 3x2

% = Cirumell conle +6 = [2T+6),
) | o _htl N = L. 1, ee
Y g ) X)) GaXart) N . 79}
A= i-41 [N .L L+ ==X 1N
BECL Y Sums hrnANt b 9t T @ T i)
™y~ 3
A

D U= Jef aml 31"—-:01:& oo "= 3 are the 3 pebd 57)%"-‘5997

%= &, (o= 2o -~ 9* are dhe 9 pofict Huares €99
30-9 = 22 purfict squares frow 100 - 993
- 22 _
So grb= 53 =
] .
© y=x MeWad T ¢
@) 13 “mes, BL = Aieexsy
=1
oy X M L e qu.ptag PP, fAuifing,

MethaAT a+b

~A, 2 i
1oy=t Sux"[, 12,4:.0\ R i_ = b= (}g’% (qlb) (S' y)
C".&‘m”x"l Wy 2 >




SOLUTIONS TO TEAM QUESTIONS

Contest #5, 2007 - 2008 February 4, 2008
: B R A
T-1. Drop a perpendicular from P to side AB and call the intersection point y X
Set AR=x and BR=y. Similarly, drop a perpendicular from P to 4 |, 8
AD and call the intersection point S. Set AS=u, and DS =v. u
Then y2 +u’ = PB? = 16, u? + x* = pA? = 64,
and x* +v? = PD? = 49. The required length is PC, and p s
PC* = y2 + v, Now, if we add the 3 equations above, we have, 7 v
4 y2 +v7 +2x% +24% = 129. Since u® +x% = 64, we have y v
y2 +v* +128 = 129, so that y2 +v? = 1. Therefore, PC = 1. ¢ % D
T-2. Let a be the first term and r be the ratio of the sequence. Then a+ ar + ar® = 63 and (ar)’ =1728. Then
2
ar=12, andso a+ 12+ 127 = 63, which leads to the equation, a® -5la +144 = 0. Solving we have,
a .
(a-48)(a-3) =0, and the solutionsare a =48 and a =3. So r = %—= i— or r= 1?2= 4.
So, the possible first terms are @ =3 or a = 48.
T-3. Refer to the labeled diagram. The area of sector OAB is (3—26—)(75)(0A2)
. 9 2 '
d — D” ).
and the area of sector ODC is ( 360 )(n)(O )
(%)(n)(oza2 -op?)
The required ratio is then ;
——|(n){OD?
[385)or?)
(3ep))* -(op*) 9_;
Since OA = 3(OD) this ratio becomes = =8
oD? 1
T-4. The volume of the original jaris V = nrzhl, where r is the radius and #; is the original height.
2 2 _
Increase the radius by 25% to obtain V = m(r + i—r) hy = n(%—r) hy = (215—6ﬂjr2h2.
Then we need to have wr’h; = (215 6’“ )rzhz, so that h, = (ng—)hz and h, = (;—2-)111 = (64%)h,.
Therefore, the height would need to be reduced by 36%.
T-5. Squaring the first equation, we have (x + y)2 =1 = x?+2xy+y? =1.

Subtracting the second equation from this result we have, 2xy = ~3. Then, Xy = ;—3

Cubing both sides of the first equation, we have 13 = (x+ y)3 =x +3%y+30% +y> =2+ ¥+ 3xy(x + y).
Solving for x> +y, wehave x° +y° = (x+ y)3 -3xy(x+y)=1- 3(:2-3—)(1) =1+ %-—- —IZL




Math Council of Western PA Sr High Math Leauge 2007 - 2008
SOLUTIONS TO INDIVIDUAL QUESTIONS

Contest #5 — February 4, 2008
Answers
1. 361, 529, 784 2. 12427 3 -2
4. 26 or 26° 5.0,1,3 6. 1297

1) Here are alt 3-digt Squares whsse diegitisare al\ i Pferent :
169,196, 256,2%9, 324,361, 529 576, €25, 725, 1584 5¢1, 361

T361, 529, 154]

»
2 7,) lemﬁ%: ?ar'lmoF hem5m+ circumf o€ 0

- %6e 2 = [izeam

*each ce a0 & 60°arc., oo sinof them vhen
teir lengths are addled, wil! equal He circunference |

% X'H-L_}x.")? X“(Xz-;-l) - x )

’(r\i-\l_ﬁ."\"' )(ug-}, (’ Y.b""‘ ) ,"\fl—
. “) Arsaz Lbhz Lm0 X0s0) : Axa of semicnle = Tirt, T
PLAY i 1 P 2 ~°F
sin@ . %‘Q\‘u\' A’& SCWMLWD(C- = La“d F l'tA)
o Settms % . TC = Sinb 0%
4 ™ - N
4 o B wl LS MmO WD = 51w 20 :“‘I\f)‘ oo o= A{tﬁnl\“:; 2*‘1_/""“*%‘:
| 3 2het
) @O -x A= Gl -e)& - ) =
X\ =L X! =t
x= 3 X =0, O‘ (3

€) The least such number La(023 . Huw wany humbes bag i, 1022 2 well,

joa® Las ?Wl\: chrosse ‘@’ ahd 71 choese “L"@ 56 Suda hunbes
Yegin LM, 1022, Now Counl 12031295 , So W2 Soflac. The, the
Wt entry 4 [1297], e



SOLUTIONS TO TEAM QUESTIONS

- Contest #6, 2007 - 2008 March 3, 2008

T-1.

Let the dealer cost of the vehicles be C; and C,. Then the one sold at a 10% profit was sold at a price of
(L.1)C; = $9,999 and the one sold at a 10% loss was sold at a price of (0.9)C, = $9,999. So, C; = $9,090
and C, = $11,110. Total revenue minus total cost yields (2)(9999) - (9050 + 11110) = -202.

Therefore, there is an overall $202 loss on the two transactions.

T-2.

The number of children who ate the cookies must equal the number of liars. Since only one of the 5 statements
can be true, there must be 4 liars. Therefore, 4 of the children ate the cookies.

T-3.

“have equal areas, the area of the triangle must be 1/3.

Let x be the thickness of the L. Then the legs of the triangle each have length X 1-x
(1 —x). The area of the square containing the L is 1. We can see that the 2
triangles in the diagram have equal areas. Since a triangle and the L-shape must

Then, for the area of a triangle, we have, —é—(l -x)(1-x) = %—,

2 V6 6

Draw radii from the center of each circle perpendicular to the line.
We see that AC = 20, CD = 10, and AB = 40. Therefore, AABC is a 30°-60°-90°

triangle, so that DE = 20\/3— ,and mZLDAB = 60° and m/ABE =120°. The
required area is the area of quadrilateral ABED minus the area of the 2 sectors of

circles A and B: (2043—)( 30”0)-( 60 )(u)(3q2)_(12£J(n)(102)

2 360 360
= 40043——(%15)(302 + 2(102)) ~ 40043 - ”‘;0“ ~ 40043 - 55311:

T-5.

The correct answer is 36 seconds.

- Gear 1 has 1 revolution in %— minutes, of 1 revolution in (—3—- 60 = % = 7 secondé.

100 15
2
1

(27)(20) v (520)(27)

o

Gear 2 has 1 revolution in —211? minutes, or 1 revolution in (215-)60 = % = seéonds.

Gear 1 has 20 revs in 35 = 36 seconds, and Gear 2 has 27 revs in 15 = 36 seconds.
To see that 36 is minimal, we want N revolutions for Gear 1 and M revolutions for Gear 2 such that
-le = 2—OM . Since 27 and 20 are relatively prime, N =20, and M = 27.

15 15




Math Council of Western PA Sr High Math Leauge 2007 - 2008
SOLUTIONS TO INDIVIDUAL QUESTIONS

Contest #6 — March 3, 2008
Answers
1. 120 2. (1,4) or {x|1 < x < 4} or equivalent conjunction 3. 4
4. 104 5. 18 6. 7 + 2V10
1) = area of Circumsquare S
° 3 = (_E?.‘-) =4 -2, 0
A area of tnsquare xJi Lot

—H«e acea of Hhe circumserbed Spare = 2(66) 2@.

) la,,\j)(ux_' >t Ficst, sie the base 4, x, 0<% ,KF [,
TEx>1, then I+11 Y TIr€ 0‘44','m<$6e2«n) »° - . + S

x4 > Lo "¢
YL g =12 €O X =X~(2 >0 -z,.(h‘,x<q} o Chq)
)k +3D<0 no saluBiany

3) ol=t =1 2032 3 =g Y'=2Y ST =126 . Whafewer we
h’)u“‘p(j Q\g ‘howl e uaits' Jlj;f/emm.‘mo, So the Sumhas e
Same Uwk'digt @ DIt1ie2le3lry! = 3¢ hase unks' dgit-se[Y].

‘() io
' ‘?V\ Aﬁa: .%l:(lo,-&b;) = q(zq,): _
b oL |

'5‘) %‘ US(;Aﬁ 'hr\e,'(wo $kﬁdo’ A and their midlines
? «@ (cka bimedians) Hhe lenghh of the Spuares émjav«J
A M‘,fok‘t&qrea.:%g::_‘i}:. |

L) V& A = S & \\'.;(rr-ﬁ) =8-2 =(s - DUr+A)
Dividtng | V= StV 2

x= st 2 2-[ir2fe].
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